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I Introduction
The famous Bell inequalities [1] provide the necessary conditions for any theory to be a local realistic one. Their importance stems from the observation that they can be violated in quantum theory. As a result the Bell inequalities can be used for test of entanglement and as a basis for protocols in quantum cryptography [2] .
Bell inequalities have been studied intensively by numerous authors. Their various forms characterized by the number of parties, measurement settings and outcomes for each measurement have been derived [3] ÷ [9] (for a review, see [10] and [11] ).
Recently, there appeared interesting papers [12] , [13] where the group theoretical method have been proposed as a tool for analyzing the quantum mechanical violation of Bell inequalities. Examples of Bell inequalities based on representations of some finite groups were presented there. Further example has been considered in Ref. [14] . It is based on S 4 symmetry and its standard irreducible representation.
The resulting Bell inequality is obtained by selecting two generic orbits determined by the geometry of tetrahedron. In the present paper we provide further examples of Bell inequalities related to the symmetry of tetrahedron. They result from the particular choices of three generic orbits.
The paper is organized as follows. In Sec. II we discuss the Bell inequalities from the point of view of the existence of joint probability distribution and describe the group theoretical approach to the problem of their breaking proposed by Gűney and Hillery. This approach is then applied in Sec. III to the symmetric group S 4 . Three examples of quantum mechanical breakdown of Bell inequalities are presented. They are based on the specific choice of orbits in standard representation of S 4 . In each of three cases we consider the set of states arising from the choice of three orbits. The results are interpreted in Sec. IV in the framework of game theory. Some technical detailes are relegated to the Appendix.
II Bell inequalities
Quantum mechanical violation of Bell inequalities is closely related to the existence of noncommuting observables. In two elegant papers [15] , [16] Fine provided a particulary transparent interpretation of Bell inequalities (see also [17] , [18] ). Assume we have a number of random variables possessing joint probability distribution. Bell inequalities concern the joint probability distributions of some subsets of the initial set of random variables. They result from the assumption that the latter can be obtained as marginals from the original joint probability distribution. What is even more important, the Bell inequalities form also the sufficient conditions for the existence of joint distribution returning other probabilities as marginals. In fact, the latter condition provides a set of linear equations for the joint distribution which possess the whole family of solutions. We are interested in solutions belonging to the interval 0, 1 . The possibility of selecting such solutions relies on the validity of Bell inequalities.
Fine's theorem explains the origin of quantum machanical violation of Bell inequalities. Due to the uncertainty principle the joint probability can be constructed only for the set of mutually commuting observables. Therefore, no inequality of Bell type could be derived for joint probabilities of commuting observables if they would follow from the assumption that these probabilities emerge as marginals from joint distribution for larger set of in general noncommuting observables.
Let us illustrate the above discussion by a simple example. LetÂ be some observable with the spectral decomposition
whereΠ i are the projectors on the relevant eigenspaces (we shall assume our space of states in finitedimensional). Consider any stateρ and let [19] 
be the generating function for the moments ofÂ:
The probability distribution is obtained by Fourier transform
Assume now we have two observables,
The generating function for the moments A
We are tempetd to define the joint probability as
Due to
single probability densities can be obtained as marginals
To have the genuine probability distribution we must assume p ik ≥ 0. Then the last expression (7) provides a finite positive measure on R 2 . Therefore, by Bochner theorem C (ζ 1 , ζ 2 ) is positive definite function [20] . In particular
or Tr e iζ 1Â1 e iζ 2Â2ρ = Tr e iζ 2Â2 e iζ 1Â1ρ .
Assuming that (11) holds for all statesρ we find
or Â 1 ,Â 2 = 0. We see that the joint probability can be defined only for commuting variables.
Taking into account Fine's results one concludes that the general scheme for deriving the Bell inequalities is quite simple. The relevant combination of probabilities is written in terms of marginals of the joint probability distribution, assumed to exist, arriving at the expression α c (α) p (α), where c (α) are integers equal to the number of times p (α) appears in the sum. Due to 0 ≤ p (α) ≤ 1,
In order to get the standard form of Bell inequalities one should express p (α) in terms of relevant correlation functions.
In order to establish the violation of Bell inequalities in quantum mechanics one has to construct the particular examples. In two papers mentioned above [12] , Let us construct the operator
Defining
one finds for arbitrary bipartite state |χ
The right hand side of eq. (16) represents the sum of probabilities of particular outcomes of measurement performed on observables defined by the orbits {|g, ϕ } and {|g, ψ }. Its maximal value corresponds to maximal eigenvector of X. In this way we obtain a kind of Cirel'son bound [21] for the class of states under consideration.
On the other hand one easily derives the Bell inequality involving the sum of probabilities on the right hand side of eq. (16) . To this end one assumes the existence of joint probability distribution for all observables defined by both orbits (note that the ones belonging to one orbit in general do not commute) and uses the inequalities (13) .
It remains to find the maximal eigenvalue of X. To this end assume that in the decomposition of D ⊗ D into irreducible pieces,
each D (s) appears only once. Then, by Schur's lemma, X (ϕ, ψ) is diagonal and reduces to a multiple of unity on each irreducible component. Using the orthogonality relations it is easy to see that the relevant eigenvalues of X (ϕ, ψ) are [13]
where |G| is the order of G, d s -the dimension of D (s) and (|ϕ ⊗ |ψ ) s is the projection of |ϕ ⊗ |ψ on the carrier space of D (s) .
In general, in order to break the Bell inequality it is necessary to consider a number of orbits. To this end one considers the orbits generated by N pairs of vectors (|ϕ n , |ψ n ) and the corresponding operators X (ϕ n , ψ n ). They mutually commute so the eigenvalues of
are the sums of eigenvalues of all X (ϕ n , ψ n ). In this way one can maximize the sum of probabilities
and proceed as above.
III The S 4 group: three orbits Consider the threedimensional representation D. It can be described by writing out the matrices representing the transpositions:
S 4 is the symmetry group of regular tetrahedron. One can make the correspondence between the symmetries of tetrahedron and the representation D. To this end we find an (degenerate) orbit which forms a tetrahedron. It is easy to check that the vectors:
, a 3 = − Consequently, we are dealing with twice the eight observables (a i stands for "Alice" and b i for "Bob")
Taking into account that any element of S 4 is a product of transpositions and each transposition is represented by a reflection in the symmetry plane orthogonal to the edge connecting the transposed verticles we find the relevant orbit by simple examination of terahedron geometry
a 7 :
For all examples given below the states describing both parties beolng to the same orbit defined by eqs. (25)÷(32). However, in each case the orbit of second party ("Bob") will be shifted with respect to the one of first party ("Alice").
In order to compute the eigenvalues of the operator X we should know the matrix which relates the product basis to the one in which the decomposition
is explicit. It reads
Eqs. (18) and (34) allow us to compute all eigenvalues of arbitrary operator X (ϕ, ψ).
In all examples given below the largest eigenvalue λ max correspond to the scalar component in the decomposition (33). All of them involve three orbits (N=3 in eq.
(19)).
Example I:
• First orbit
• Second orbit
λ max ≃ 4, 57
• Third orbit
The maximal eigenvalue of the operator X defined by eq. (19):
Example II:
The maximal eigenvalue of X:
Example III:
The corresponding sums of probabilities appearing on the right hand side of eq. (16) are written out explicitly in Appendix. Having computed the (maximal) quantum mechanical values of the relevant sums of probabilities one can study the corresponding Bell inequalities. To this end we compute the coefficients c(α) entering the inequalities (13) . There are 16 observables 8 for "Alice" and 8 for "Bob". Therefore, the assumed joint probability is defined for 3 16 configurations. We used the computer to check, for three examples above, how many times any given configuration appears in 72 terms in "classical" counterpart of the right hand side of eq. 
IV Interpretation in terms of game theory
As it has been described in Refs. [12] and [13] the Bell inequalities can be discussed in terms of a nonlocal game. To this end we assume there are two players, Alice and Bob and an arbitrator who sends Alice a value s and Bob a value t, s = 1, 2, . . . , Table 1 .
Following Ref. [13] we can show that the maximal classical probability of winning the game is determined by Bell inequality. In fact, let f A (s) and f B (t) be the strategies of Alice and Bob, respectively; the function f A,B take their values in the set {0, 1, 2}. Let F (a, b; s, t) be the characteristic function for the set of winning strategies. Then the winning probability for the given strategies f A , f B is 1 64
Now, the sum entering the left hand side of Bell inequality can be written as
which is bounded, in example I, by 16 provided p (a s = a, b t = b) can be derived from a joint probability distribution. However, defining
we find that p (a s , b t ) are derived as marginals from the above joint probability.
Therefore, the success probability for any classical strategy (f A (s), f B (t)) cannot In the quantum strategy Alice and Bob share the state corresponding to the maximal eigenvalue of 3 n=1 X (ϕ n , ψ n ). If they receive the numbers s, t from an arbitrator, they measure a s (Alice) and b t (Bob), respectively, and send the result to the arbitrator. The probability of winning in example I is then 
Appendix A
To make the results slightly more transparent we write out explicitly the sum of probabilities appearing on the right hand side of eq. (16). They read:
Example I
Example II: 
Therefore, the corresponding Bell inequalities take the form
They were obtained by assuming the existence of joint of random variables a 1 , . . . , a 8 , b 1 , . . . , b 8 and computing the coefficients c(α) defined in Sec. II. More precisely, for each example we write all probabilities entering the sums S 1 , S 2 , S 3 as the marginals of joint probability distribution. As a result we obtain the expressions of the form 
